Abstract. We study the notion of permutation stability (or P-stability) for countable groups. Our main result provides a wide class of non-amenable product groups which are not P-stable. This class includes the product group Σ × Λ, whenever Σ admits a non-abelian free quotient and Λ admits an infinite cyclic quotient. In particular, we obtain that the groups Fm × Z d and Fm × Fn are not P-stable, for any integers m, n ≥ 2 and d ≥ 1. This implies that P-stability is not closed under the direct product construction, which answers a question of Becker, Lubotzky and Thom. The proof of our main result relies on a construction of asymptotic homomorphisms from Σ × Λ to finite symmetric groups starting from sequences of finite index subgroups in Σ and Λ with and without property (τ ). Our method is sufficiently robust to show that the groups covered are not even flexibly P-stable, thus giving the first such non-amenable residually finite examples.
Introduction and statement of main results
The notion of permutation stability has been developed in a series of works [GR09, AP14, BLT18] . A countable group Γ is stable in permutations (or P-stable) if any "almost homomorphism" from Γ to a finite symmetric group is "close" to a homomorphism. To make this precise, we endow the symmetric group Sym(X) of any finite set X with the normalized Hamming metric:
Hereafter, we will use the same formula to define the normalized Hamming distance between any maps σ and τ with domain (but not necessarily co-domain) equal to X. Definition 1.1. A sequence of maps σ n : Γ → Sym(X n ), for some finite sets X n , is called an asymptotic homomorphism if lim n→∞ d H (σ n (gh), σ n (g)σ n (h)) = 0, for every g, h ∈ Γ. The group Γ is called P-stable 1 if for any asymptotic homomorphism σ n : Γ → Sym(X n ), there exists a sequence of homomorphisms τ n : Γ → Sym(X n ) such that lim n→∞ d H (σ n (g), τ n (g)) = 0, for every g ∈ Γ.
More generally, one can define stability with respect to any class C of metric groups endowed with bi-invariant metrics (see [AP14, AP17, CGLT17, Th17] ). While this notion has only been formalized recently, in the case when Γ = Z 2 and C consists of groups of matrices, the stability problem has been studied extensively in the literature. Indeed, this problem is equivalent to the well-known question (posed in [Ro69] for the normalized Hilbert-Schmidt norm and in [Ha76] for the operator norm) of whether "almost commuting" matrices are "close" to commuting matrices. The answer depends both on the groups of matrices considered and the norms chosen (see the introduction of [AP14] ). For instance, if C is the class of unitary groups {U(n) | n ∈ N}, then the answer is positive if one uses the normalized Hilbert-Schmidt norm [HL08, Gl10] and negative if one uses the operator The group Γ is called very flexibly P-stable if for any asymptotic homomorphism σ n : Γ → Sym(X n ), there exist a sequence of finite sets Y n and homomorphisms τ n : Γ → Sym(Y n ) such that X n ⊂ Y n , for every n, and lim n→∞ d H (σ n (g), τ n (g) |Xn ) = 0, for every g ∈ Γ.
Remark 1.3. A group Γ is very flexibly P-stable if any asymptotic homomorphism is essentially obtained by restricting homomorphisms τ n : Γ → Sym(Y n ) to "almost invariant" sets X n ⊂ Y n , i.e., such that |τ n (g)X n △X n |/|X n | → 0, for every g ∈ Γ. If the sets X n are obtained by removing o(|Y n |) points from Y n (in which case they are trivially almost invariant), then Γ is flexibly P-stable.
It is unclear how much weaker these notions are than the (strict) notion of P-stability. On the one hand, P-stability coincides with flexible P-stability for amenable groups and flexible P-stability coincides with very flexible P-stability for property (τ ) groups (see Lemma 3.2). On the other hand, it is open whether property (τ ) groups can be flexibly P-stable and whether surface groups are Pstable (see [BL18, LLM19] ). Moreover, while very flexible P-stability is inherited by subgroups of finite index (see Lemma 3.3), we do not know if this holds for P-stability or flexible P-stabillity.
Since very flexible P-stability passes to finite index subgroups, Theorem A implies the following seemingly stronger statement: the product between a large group and a group without property (τ ) (and any group containing such a product as a finite index subgroup) is not very flexibly P-stable. Recall that a group is called large if one of its finite index subgroups admits a non-abelian free quotient. By [BP78] any finitely presented group with at least two more generators than relators is large; for more recent examples of large groups, see [La07] and the references therein.
Theorem A thus provides a wide class of groups, including the product of any large group and any group having an infinite, residually finite amenable quotient, which are not very flexibly P-stable.
As an immediate consequence, we derive the following concrete examples of non-P-stable groups:
Corollary B. The following groups are not very flexibly P-stable:
(1) F m × Z d , for every integers m ≥ 2 and d ≥ 1.
(2) F m × F n , for every integers m, n ≥ 2. (3) the Baumslag-Solitar group BS(m, n), for every integers m, n with |m| = |n| ≥ 2. (4) the braid group B n and pure braid group PB n , for every integer n ≥ 3.
Since free groups are obviously stable and abelian groups are stable by [AP14] , (1) and (2) imply that P-stability is not closed under direct products, thus answering Becker, Lubotzky and Thom's question [BLT18] in the negative. Moreover, we deduce that a direct product of P-stable groups need not even be very flexibly P-stable. However, since the groups we treat are not amenable, this leaves open the question of whether the product of two P-stable amenable groups is P-stable [BLT18] .
In [AP14, Example 7.3] it was shown that BS(m, n) is P-stable if m = n = ±1 but not P-stable if |m| = |n| and |m|, |n| ≥ 2, while [BLT18, Theorem 1.2 (ii)] established that BS(1, n) is stable for every n ∈ Z. Part (3) of Corollary B completes the classification of P-stability of the BaumslagSolitar groups BS(m, n) by addressing the remaining case when |m| = |n| ≥ 2.
To put Corollary B into a better perspective, let us indicate several additional consequences of it. First, as remarked in [BL18, Section 4.4] (extending observations made in [GR09, AP14] ), any group which is sofic and non-residually finite is not very flexibly P-stable. By [BLT18, Theorem 1.2 (iii)], there are amenable residually finite groups which are not P-stable and thus not flexibly P-stable. Corollary B gives the first examples of non-amenable residually finite groups that are not flexibly P-stable, and of residually finite groups that are not very flexibly P-stable. Remark 1.4. A countable group Γ is called Hilbert-Schmidt stable (or HS-stable) if it is stable with respect to the class of unitary groups {(U(n), d HS ) | n ∈ N} endowed with the normalized HilbertSchmidt distance d HS (T, S) = T − S HS for T, S ∈ U(n), where V HS = n −1 Tr(V * V ). Since the normalized Hamming distance can be expressed in terms of the normalized Hilbert-Schmidt, the study of P-stability and HS-stability are similar in flavor [AP14] .
In spite of the similarity between these notions, Corollary B highlights a surprising difference between them, by providing, to our knowledge, the first examples of HS-stable groups which are not P-stable. By [HS17, Theorem 1], the product of two HS-stable groups is HS-stable provided that one of the groups is abelian (by [IS19, Corollary D] the same holds if one of the groups is amenable). Consequently, F m × Z d is HS-stable but not P-stable, for any integers m ≥ 2 and d ≥ 1.
Note that is an open question whether HS-stability is closed under direct products. It seems likely that this question has a negative answer, and moreover that F m × F n is not HS-stable, for m, n ≥ 2. Supporting evidence is provided by [IS19, Theorem E] which shows that F m × F n is not stable with respect to the class {(U(M ), · 2 ) | (M, τ) tracial von Neumann algebra} of unitary groups of tracial von Neumann algebras endowed with their 2-norms, T 2 = τ(T * T ).
Remark 1.5. Let R ⊂ F k be a finite set, for k ∈ N. The system of equations (⋆) r(τ 1 , ..., τ k ) = e, for every r ∈ R, is called P-stable if for every ε > 0, there is δ > 0 such that the following holds: for any finite set X and σ 1 , ...,
A finitely presented group Γ = F k |R is P-stable if and only if R is P-stable [AP14] . The P-stability of Z 2 proved in [AP14] thus implies P-stability of the system [a,
On the other hand, since the groups F 2 ×Z and F 2 ×F 2 are not P-stable by Corollary B, we conclude that the systems [
Corollary B also implies the existence of universal sofic groups which fail a certain lifting property for commuting subgroups. Let U be a free ultrafilter on N and (X n ) finite sets with lim n→U |X n | = +∞.
Define the metric ultraproduct group U Sym(X n ) := n Sym(X n ) /N , where N is the subgroup of (σ n ) ∈ n Sym(X n ) satisfying lim n→U d H (σ n , Id Xn ) = 0. Since a countable group is sofic if and only if it embeds into U Sym(X n ) [ES04] , the latter is called a universal sofic group. Corollary C. There exist countable commuting subgroups Σ, Λ of a universal sofic group U Sym(X n ) such that the following holds: there are no commuting subgroups Σ n , Λ n of Sym(X n ), for all n ∈ N, such that Σ ⊂ U Σ n and Λ ⊂ U Λ n .
We end the introduction by discussing a weakening of the notion of P-stability found by considering asymptotic homomorphisms that are sofic approximations [AP14] . Let Γ be a countable group.
The group Γ is called weakly P-stable (respectively, weakly flexibly P-stable or weakly very flexibly P-stable) if the condition from Definition 1.1 (respectively, the conditions from Definition 1.2) holds for any sofic approximation (σ n ) of Γ.
The notion of weak P-stability is strictly weaker than that of P-stability. More precisely, [AP14, Theorem 7.2] shows that any finitely presented, residually finite amenable group is weakly P-stable, whereas [BLT18, Theorem 1.2 (iii)] proves that there is such a group which is not P-stable.
Our last main result provides a class of non-amenable groups which are not weakly P-stable: Theorem D. Any group which has a subgroup of finite index isomorphic to F m × Z d or to F m × F n , for some integers m, n ≥ 2 and d ≥ 1, is not weakly very flexibly P-stable. In particular, any group from Corollary B, parts (1)-(3), is not weakly very flexibly P-stable.
Consequently, the Baumslag-Solitar BS(m, n) group is not weakly P-stable, whenever |m| = |n| ≥ 2. This settles a question posed by Arzhantseva and Pȃunescu in [AP14, Example 7.3]. As a special case of Theorem D, we deduce that F 2 × Z is not weakly flexibly P-stable. This answers a question raised by Bowen and Burton in [BB19] who emphasized that F 2 ×Z seems to be the most elementary group for which weak flexible P-stability was unknown (note that the notion of flexible stability used in [BB19] is what we call here weak flexible stability).
Comments on the proof of Theorem A. We end the introduction with an outline of the proof of Theorem A under the following additional assumption: there exist a group Γ, a sequence {Γ n } ∞ n=1 of finite index normal subgroups of Γ, and homomorphisms q n : Λ → Γ/Γ n such that
• Γ has property (τ ) with respect to {Γ n } ∞ n=1 , and • Λ does not have property (τ ) with respect to {ker(q n )} ∞ n=1 . This assumption holds for Σ = F 3 and Λ = Z, by taking {Γ n } ∞ n=1 be a sequence of finite index normal subgroups of Γ = F 2 with property (τ ) and q n : Λ → Γ/Γ n homomorphisms with |q n (Λ)| → +∞. More generally, we use Kassabov's theorem [Ka05] (that the symmetric groups {Sym(n)} ∞ n=1 admit Cayley graphs which form a bounded degree expander family) to conclude that there is L ≥ 2 such that the assumption is satisfied when Σ = F L+1 , Γ = F L and Λ is any group without property (τ ).
Next, let X n = Γ/Γ n , p n : Γ ։ X n be the quotient homomorphism. and view Γ × Λ as a subgroup of Σ × Λ. We define the left-right multiplication action σ n : Γ × Λ → Sym(X n ) by letting
There are two main ingredients in the proof of Theorem A.
The first is a rigidity result for asymptotic homomorphisms σ n : Σ × Λ → Sym(X n ) extending σ n , i.e., σ n|Γ×Λ = σ n . Assume there are homomorphisms
Using the property (τ ) assumption, we prove that there must be homomorphisms σ n : Σ × Λ → Sym(X n ) extending σ n such that d H ( σ n (g), σ n (g)) → 0, for all g ∈ Σ × Λ (see Theorem 5.1). In other words, if σ n is close to (the restriction to X n of) a homomorphism, then σ n is close to a homomorphism which extends σ n .
The second ingredient in the proof of Theorem A is the construction of a "non-trivial" asymptotic homomorphism σ n : Σ × Λ → Sym(X n ) extending σ n . Using that Λ does not have property (τ ) with respect to {ker(q n )} ∞ n=1 , we construct in Lemma 6.1 a permutation ρ n ∈ Sym(X n ) such that
, for infinitely many n. Specifically, we first find A n ⊂ X n which is almost invariant under the right multiplication action of Λ and satisfies |An| |Xn| ∈ ( 1 7 , 1 6 ) for n large (see Lemma 2.6). After replacing A n with a subset, we may assume that A n ∩ g n A n = ∅, for g n ∈ X n . We then show that ρ n defined by ρ n (x) = g n x if x ∈ A n , ρ n (x) = g −1 n x if x ∈ g n A n , and ρ n (x) = x if x / ∈ A n ∪ g n A n , satisfies conditions (1) and (2).
Finally, condition (1) allows us to define an asymptotic homomorphism σ n : Σ × Λ → Sym(X n ) which extends σ n by letting σ n (t, e) = ρ n , where t ∈ Z is a generator. On the other hand, (2) guarantees that σ n is not close to any homomorphism σ n : Σ × Λ → Sym(X n ) which extends σ n . But then the first ingredient above implies that Σ × Λ is not very flexibly P-stable, as desired.
In the general case, when Σ is only assumed to have a non-abelian free quotient, after replacing it with a finite index subgroup, we may assume that there is an onto homomorphism π : Σ → F L+1 . Let σ n : F L+1 ×Λ → Sym(X n ) be the asymptotic homomorphism constructed above which witnesses that F L+1 × Λ is not very flexibly P-stable. Then we analyze the asymptotic homomorphism
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Preliminaries
In this section, we first recall some notation and then gather several results that will be needed later. Let X be a finite set. We denote by B(ℓ 2 (X)) the algebra of all linear maps T : ℓ 2 (X) → ℓ 2 (X) and by {δ x } x∈X the usual orthonormal basis of ℓ 2 (X).
The normalized Hilbert-Schmidt norm of T ∈ B(ℓ 2 (X)) is given by
Let U : Sym(X) → U(ℓ 2 (X)) be the group homomorphism given by U σ (δ x ) = δ σ(x) , for all x ∈ X. Hereafter, we view Sym(X) as a subgroup of U(ℓ 2 (X)), via the embedding U . Note that
2.1. On the distance to invariant sets. Next, we record the following well-known fact.
Lemma 2.1. Let Y be a finite set, X ⊂ Y be a subset and
Proof. Put ε = max h∈H |X△hX| and define the H-invariant function f =
} is H-invariant and since
2.2. Kazhdan constants. We continue by recalling the notion of a Kazhdan constant and two well-known facts which we prove for completeness.
Definition 2.2. Let G be a finite group and S be a set of generators. The Kazhdan constant κ(G, S) is the largest constant κ > 0 such that κ ξ ≤ max g∈S π(g)ξ − ξ , for every ξ ∈ H and unitary representation π : G → U(H) on a Hilbert space H without non-zero invariant vectors.
Lemma 2.3. Let G be a finite group and S be a set of generators. Then for every subset A ⊂ G we have that κ(G, S) 2 |A| |G \ A| ≤ max g∈S |gA△A| |G|.
Then the conclusion is equivalent to the inequality κ(G, S) ξ 2 ≤ max g∈S λ(g)ξ −ξ 2 , which holds since the restriction of λ to ℓ 2 (G) ⊖ C1 G has no non-zero invariant vectors.
Lemma 2.4. Let G be a finite group and S be a set of generators. Then for every unitary representation
Proof. Let H G be the subspace of H consisting of π(G)-invariant vectors. Let ξ ∈ H and write ξ = ξ 1 + ξ 2 , where
Since the restriction of π to H ⊖ H G has no non-zero invariant vectors, we get that κ(G, S) ξ 1 ≤ max g∈S π(g)ξ 1 − ξ 1 and the conclusion follows.
2.3. Property (τ ). We are now ready to recall an equivalent formulation of property (τ ) with respect to a sequence of finite index normal subgroups [Lu94] .
Definition 2.5. Let Γ be a finitely generated group and S be a finite set of generators. Then Γ has property (τ ) with respect of a sequence of finite index subgroups {Γ n } ∞ n=1 if inf n κ(Γ/Γ n , p n (S)) > 0, where p n : Γ → Γ/Γ n denotes the quotient homomorphism.
If lim n→∞ κ(Γ/Γ n , p n (S)) = 0, then there exist sets C n ⊂ Γ/Γ n satisfying 0 < |C n | < |Γ/Γ n |/2 which are almost invariant, in the sense that lim
Proposition 2.5]). Moreover, Abért and Elek [AE10, Theorem 4] proved that one can choose C n such that the sequence {|C n |/|Γ/Γ n |} ∞ n=1 converges to any prescribed limit in [0,
1 2 ]. The next lemma, which is of independent interest and will be used in the proof of Lemma 6.1, generalizes this result to arbitrary, not necessarily decreasing, sequences of normal subgroups.
Lemma 2.6. In the notation of Definition 2.5, assume that lim
Proof. If {Γ n } ∞ n=1 is a descending chain, the lemma is a direct consequence of [AE10, Theorem 4]. In general, denote G n = Γ/Γ n for n ≥ 1. The proof is based on the following:
Claim. Let D n ⊂ G n be a sequence of sets such that lim n→∞ |pn(g)Dn△Dn| |Dn| = 0 and 0 < |D n | < 3|Gn| 4 , for every g ∈ Γ and n ≥ 1. Then for any large enough n we can find h n ∈ G n such that
Proof of the claim. Assume that the claim is false. After passing to a subsequence, we may assume that for every n ≥ 1 and h ∈ G n we have
and hence hh ′ ∈ H n . This implies that H n is a subgroup of G n . Next, since
we get that |H n | ≥ 3|Dn| 4 . On the other hand, since
6 . Thus, for every g ∈ Γ we have 3 < 2. Thus, for every g ∈ Γ we have p n (g) ∈ x n H n x −1 n , for n large enough. Since Γ is finitely generated, we get that H n = G n , for n large enough. This contradicts that |H n | ≤ 4|Dn| 3 < |G n |, for any n.
Now, let L be the set of ℓ ∈ [0, 1 2 ] for which there is a sequence of nonempty sets D n ⊂ G n with lim sup
Since lim
We claim that inf L = 0. If 0 ∈ L, there is nothing to prove. Otherwise, let ℓ ∈ L\{0} and D n ⊂ G n be sets witnessing that ℓ ∈ L. By the above claim for every n large enough we can find h n ∈ G n such that
△D n )h and hence we get that For n ≥ 1, let k n = log(1−α) log(1− |Dn| |Gn| ) be the smallest integer such that 1 − 1 − |Dn| |Gn| kn ≥ α. Let m n ≥ 1 be the smallest integer for which there exists a set F n ⊂ G n of cardinality m n such that C n := D n F n satisfies |Cn| |Gn| ≥ α. By [AE10, Lemma 2.3] we have that m n ≤ k n . Then |Cn| |Gn| < β, for all n. Indeed, if g ∈ F n , then the minimality of m n implies that |Dn(Fn\{g})| |Gn| < α and thus
From this it follows that lim
is bounded, this implies that lim n→∞ |pn(g)Cn△Cn| |Cn| = 0, for every g ∈ Γ, which finishes the proof of the lemma.
Basic results on P-stability
In this section, we record three results on the general theory of P-stability. Note that with one exception, Lemma 3.3, these results will not be needed in the rest of the paper.
3.1. Equivalence of definitions of P-stability. The notion of P-stability was introduced in [AP14, Definition 3.2] (see also [GR09] ) for finitely presented groups, and generalized to finitely generated groups in [BLT18, Definition 3.11]. Our next result provides an equivalent formulation of P-stability, in the sense of Definition 1.1, for general groups. This implies that for finitely generated groups the notions of P-stability given by [BLT18, Definition 3.11] and Definition 1.1 coincide.
Let Γ be a countable group and S a set of generators. Denote by {s} s∈S the free generators of F S and by π : F S → Γ the onto homomorphism given by π(s) = s, for every s ∈ S.
Lemma 3.1. The group Γ is P-stable if and only if the following condition is satisfied: (⋆) for every T ⊂ S finite and ε > 0, there are E ⊂ ker π finite and δ > 0 such that for any finite set X and homomorphism ρ :
Moreover, if S is finite, then Γ is P-stable if and only if (⋆) is satisfied for T = S.
Proof. In the above notation, let E n ⊂ ker π be an increasing sequence of sets with ∪ n E n = ker(π). Let p : Γ → F S be a map such that p(s) =s, for any s ∈ S, and π(p(g)) = g, for any g ∈ Γ.
If (⋆) fails, then there exist T ⊂ S finite, ε > 0 and homomorphisms ρ n :
Then (σ n ) n∈N is an asymptotic homomorphism of Γ. On the other hand, as σ n (s) = ρ n (s), for every s ∈ S, we get that max{d H (σ n (s), τ n (s))|s ∈ T } > ε, for any homomorphism τ n : Γ → Sym(X n ) and n ∈ N. This implies that Γ is not P-stable.
Conversely, if Γ is not P-stable, then there exist an asymptotic homomorphism σ n : Γ → Sym(X n ), a finite set T ⊂ S and ε > 0 such that max s∈T d H (σ n (s), τ n (s)) > ε, for any n ∈ N and homomorphism τ n : Γ → Sym(X n ). Let ρ n : F S → Sym(X n ) be the homomorphism given by ρ n (s) = σ n (s), for all s ∈ S. Let g ∈ ker π and write g =s
k = e and (σ n ) n∈N is an asymptotic homomorphism, we get that d H (ρ n (g), Id Xn ) → 0. Since max s∈T d H (ρ n (s), τ n (s)) > ε, for any n ∈ N and homomorphism τ n : Γ → Sym(X n ), we get that (⋆) is not satisfied. This finishes the proof of the lemma.
3.2. P-stability vs. (very) flexible P-stability.
Lemma 3.2. Let Γ be a countable group.
(1) If Γ is amenable, then it is P-stable if and only if it is flexibly P-stable.
(2) If Γ has property (τ ), then it is flexibly P-stable if and only if it is very flexibly P-stable.
Proof.
(1) Assume that Γ is a flexibly P-stable amenable group. In order to conclude that Γ is P-stable, it is sufficient to prove the following claim:
Claim. Let σ n : Γ → Sym(X n ) be an asymptotic homomorphism and 0 < ε < 1. Then we can find a subsequence (σ n k ) of (σ n ) and homomorphisms τ k : Γ → Sym(X n k ), for any k ∈ N, such that lim sup k→∞ d H (σ n k (g), τ k (g)) ≤ ε, for every g ∈ Γ.
To prove this claim we treat separately two cases. Firstly, assume that N := sup n |X n | < +∞. Since Γ is flexibly P-stable, there are homomorphisms τ n : Γ → Sym(Y n ), with Y n ⊃ X n finite, such that |Y n |/|X n | → 1 and d H (σ n (g), τ n (g) |Xn ) → 0, for every g ∈ Γ. Thus, |Y n |/|X n | < 1 + 1 N and therefore Y n = X n , for n large. This clearly implies the claim.
Secondly, assume that sup n |X n | = +∞. After replacing (σ n ) with a subsequence, we may suppose that |X n | → +∞. Since Γ is amenable, by using Ornstein and Weiss' theorem [OW80] (similarly to the proof of [BLT18, Proposition 6.5]), we can find a subsequence (σ n k ) of (σ n ) and A k ⊂ X n k , for any k ∈ N, such that |σ n k (g)A k △A k |/|X n k | → 0, for every g ∈ Γ, and |A k |/|X n k | → λ := 1 − ε.
This finishes the proof of the claim and of part (1).
(2) Assume that Γ is a very flexibly P-stable group with property (τ ). Let σ n : Γ → Sym(X n ) be an asymptotic homomorphism. Then we can find homomorphisms
we get that |τ n (g)X n △X n |/|X n | → 0, for any g ∈ Γ. Since Γ has property (τ ), Lemma 2.4 implies that sup g∈Γ |τ n (g)X n △X n |/|X n | → 0. By Lemma 2.1, we can find a
This shows that Γ is flexibly P-stable.
3.3. Subgroups of finite index and very flexible P-stability. We end this section by proving that very flexible P-stability passes to subgroups of finite index:
Lemma 3.3. Let Γ 0 < Γ be a finite index inclusion of countable groups. If Γ is very flexibly P-stable, then so is Γ 0 . Moreover, if Γ is weakly very flexibly P-stable, then so is Γ 0 .
Proof. The proof is based on a simple induction argument (compare with [ESS18, Proposition 4.12]). Assume that Γ 0 is not very flexibly P-stable. Then there exists an asymptotic homomorphism σ n : Γ 0 → Sym(X n ) a finite set F ⊂ Γ 0 and δ > 0 such that for any sequence of sets Y n ⊃ X n and homomorphisms τ n :
Let s : Γ/Γ 0 → Γ be a map such that s(eΓ 0 ) = e and s(gΓ 0 ) ∈ gΓ 0 , for all g ∈ Γ. Then c : Γ × Γ/Γ 0 → Γ 0 given by c(g, hΓ 0 ) = s(ghΓ 0 ) −1 g s(hΓ 0 ) is a cocycle for the left multiplication action Γ Γ/Γ 0 . For every n, we put X n = Γ/Γ 0 × X n and define σ n : Γ → Sym( X n ) by letting
Then a direct computations shows that for every g, h ∈ Γ we have
Since c(gh, kΓ 0 ) = c(g, hkΓ 0 )c(h, kΓ 0 ), for all kΓ 0 ∈ Γ/Γ 0 , it follows that σ n : Γ → Sym( X n ) is an asymptotic homomorphism.
Finally, consider a sequence of sets Y n ⊃ X n and homomorphisms τ n : Γ → Sym(Y n ). If g ∈ Γ 0 , then σ n (g) leaves eΓ 0 × X n invariant and σ n (g)(eΓ 0 , x) = (eΓ 0 , σ n (g)x), for every x ∈ X n . Thus, the restriction of σ n|Γ 0 to eΓ 0 × X n can be identified to σ n . Since τ n|Γ 0 is a homomorphism, it follows that max{d
> 0, for all n, which implies that Γ is not very flexibly P-stable. This proves the main assertion.
For the moreover assertion, assume the setting above and let g ∈ Γ \ {e}. Then we have that
If hΓ 0 ∈ Γ/Γ 0 is such that ghΓ 0 = hΓ 0 , then we have c(g, hΓ 0 ) = s(hΓ 0 ) −1 gs(hΓ 0 ) = e. Thus, if σ n : Γ 0 → Sym(X n ) is a sofic approximation of Γ 0 , then using (3.1) it follows that σ n : Γ → Sym( X n ) is a sofic approximation of Γ, and repeating the above argument implies the moreover assertion.
Permutation groups almost commuting with the regular representation
The main goal of this section is to prove the following result. This implies that any group of permutations of a finite group G that "almost commutes" with the left regular representation of G must arise from the right regular representation of G. More generally, we get precise structural information about any permutation group of a set containing G whose restriction to G almost commutes with the left regular representation of G. This generalization will be crucial later on in allowing us to prove that certain product groups are not very flexibly P-stable. ) and assume that |{x ∈ X ∩ k −1 X | α(g)kx = kα(g)x}| ≤ ε |X|, for all g ∈ S and k ∈ K.
The proof of Theorem 4.1 relies on the following two lemmas.
Lemma 4.2. [Th10] Let G be a finite group, S be a set of generators and put κ := κ(G, S).

Denote by α, β : G → Sym(G) the left and right multiplication actions of G on itself. Then for every ϕ ∈ Sym(G), there exists
After proving Lemma 4.2, we realized that it also follows from the proof of [Th10, Theorem 2.2]. Nevertheless, we include a self-contained proof for completeness.
Proof. Let ϕ ∈ Sym(G) and put ε = max g∈S d H (α(g) • ϕ, ϕ • α(g)). Consider the unitary representation of G on B(ℓ 2 (G)) given by g · T = α(g)T α(g) * , where we view Sym(G) as a subgroup of U(ℓ 2 (G)). Lemma 2.4 implies that
Recalling that σ − τ HS = 2 d H (σ, τ ), for all σ, τ ∈ Sym(G), the last inequality rewrites as
Equivalently, we have |{x ∈ G | ϕ(gx) = gϕ(x)}| ≤ 4ε κ 2 , for every g ∈ G, and hence
Thus, there exists
Then there exist an α 1 (K)-invariant set X 1 ⊂ X, an α 2 (K)-invariant set X 2 ⊂ X, and a bijection ϕ : X 1 → X 2 such that |X \ X 1 | = |X \ X 2 | ≤ 16ε |X|, |{x 1 ∈ X 1 | ϕ(x 1 ) = x 1 }| ≤ 16ε |X|, and
Moreover, if ε < 
Let A be the set of x 1 ∈ X for which there exists a unique x 2 = ϕ(x 1 ) ∈ X such that |V x 1 ,x 2 | > 1 2 . Then equation (4.1) implies that A is α 1 (K)-invariant and
Moreover, A contains the set X 0 of x 1 ∈ X such that |V x 1 ,x 1 − 1| 2 + x 2 ∈X,x 2 =x 1 |V x 1 ,x 2 | 2 < 1 4 . On the other hand, (4.2) implies that
Similarly, the set B of x 2 ∈ X for which there is a unique x 1 ∈ X with |V x 1 ,x 2 | > 1 2 satisfies |X \ B| ≤ 8ε |X|. Define X 1 = {x 1 ∈ A | ϕ(x 1 ) ∈ B} and X 2 = ϕ(X 1 ). Then the restriction of ϕ to X 1 is one-to-one. Since B is α 2 (K)-invariant, (4.3) gives that X 1 is α 1 (K)-invariant and X 2 is α 2 (K)-invariant. Since ϕ(x 1 ) = x 1 , for all x 1 ∈ X 0 , we get that X 0 ∩ B ⊂ X 1 . Thus, |X \X 1 | ≤ |X \X 0 |+ |X \B| ≤ 16ε |X| and
If ε < 1 16 , then |X \ X 1 | ≤ 16 ε |X| < |X|, and thus X 1 is non-empty. Since X 1 is α 1 (K)-invariant, if α 1 is transitive, we get that X 1 = X and the moreover assertion follows.
Proof of Theorem 4.1. We will first show that K 0 is a subgroup of K. The proof of this assertion is inspired by the proof of [GTD15, Theorem 2.4]. If g ∈ S and k ∈ K, then
and thus |α(g)(X ∩ kX) \ (X ∩ kX)| ≤ ε |X|.
Therefore, if k ∈ K 0 , then for every g ∈ S we have |α(g)(X∩kX)△(X∩kX)| ≤ 2ε |X| ≤ 4ε |X∩kX|. By applying Lemma 2.3 to X ∩ kX ⊂ X we deduce that
Hence, |X \ kX| ≤ 4ε κ 2 |X| and thus
κ 2 )|X| ≥ |X|/2 since κ ≤ 2 and hence ε < 16 . This shows that kk ′ ∈ K 0 and therefore K 0 is a subgroup of K.
Secondly, we will prove the existence of a map δ :
To see this, let k ∈ K 0 . Letk ∈ Sym(X) such thatkx = kx, for every x ∈ X ∩ k −1 X. If g ∈ S, then sincekα(g)x = kα(g)x, for all x ∈ X ∩ α(g) −1 k −1 X, by using the hypothesis, we get that
In combination with (4.4) this gives that
Now, Lemma 4.2 gives δ(k) ∈ G such that |{x ∈ X |kx = β(δ(k))x}| ≤ 4 κ 2 (1 + 8 κ 2 )ε |X|. Together with (4.4) we get that
Thirdly, we claim that δ :
Thus, by using (4.5) we get that
200 , we get that there exists
Finally, we will derive the rest of the conclusion by applying Lemma 4.3. First, note that equation (4.4) together with Lemma 2.1 provides a K 0 -invariant set X 0 ⊂ Y such that |X 0 △X| ≤ 16ε κ 2 |X|. We put Z = X 0 ∪ X and define homomorphisms α 1 , α 2 : K 0 → Sym(Z) by letting for every k ∈ K 0
By applying Lemma 4.3, we find an
and a bijection ϕ :
In order to complete the proof, it remains to establish conditions (1) and (2) . First, we note that
κ 4 |X|, which finishes the proof.
A rigidity result for asymptotic homomorphisms
In this section we prove the following consequence of Theorem 4.1.
Theorem 5.1. Let Γ and Λ be finitely generated groups. Assume that Γ has property (τ ) with respect to a sequence of finite index normal subgroups {Γ n } ∞ n=1 . For every n, denote X n = Γ/Γ n , let p n : Γ → X n be the quotient homomorphism and q n : Λ → X n be a homomorphism.
Assume that σ n : (Γ * Z) × Λ → Sym(X n ), n ∈ N, is an asymptotic homomorphism such that (1) For every n ∈ N, we have σ n (g, h)x = p n (g)xq n (h) −1 , for all g ∈ Γ, h ∈ Λ, x ∈ X n . (2) For every n ∈ N, there exist a finite set Y n which contains X n and a homomorphism
Moreover, there exists a homomorphism
Proof. Let S and T be finite sets of generators for Γ and Λ, respectively. For n ∈ N, we denote by β n : X n → Sym(X n ) the homomorphism given by β n (g)x = xp n (g) −1 . For ease of notation, we will write g and h instead of (g, e) and (e, h), for g ∈ Γ * Z and h ∈ Λ.
In the first part of the proof we will use Theorem 4.1 to prove the following:
Claim. For every n large enough, there exist a
Proof of the claim. For n ≥ 1, we put ε n = 2 max{d H (σ n (g), τ n (g) |Xn ) | g ∈ S ∪ T } and
If k ∈ τ n (Λ) and g ∈ S, then k, τ n (g) ∈ Sym(Y n ) commute, thus
Therefore, for all k ∈ τ n (Λ) and g ∈ S we have
and therefore
Since Γ has property (τ ) with respect to {Γ n } we have κ := inf n κ(X n , p n (S)) > 0. Since lim
we have ε n < min{
2 } for n large enough. By (5.1), we can apply Theorem 4.1 to deduce that K n is a subgroup of τ n (Λ) and there exist a
Since K n is a subgroup of τ n (Λ) and T generates Λ, we derive that K n = τ n (Λ). Since lim n→∞ ε n = 0, the claim follows.
Secondly, we claim that
To see this, let h ∈ T . Then σ n (h) = β n (q n (h)) and thus lim
On the other hand, conditions (1)-(3) from above imply that we can find a sequence h n ∈ L n such that lim
, for large enough n. Since this holds for every h ∈ T , and T is finite and generates Λ, the claim made in (5.3) follows.
Thirdly, we claim that if g ∈ Γ * Z, then σ n (g) asymptotically commutes with β n (L n ):
To see this, let h n ∈ L n , for every n. Condition (3) implies that
• ϕ −1 n , for some k n ∈ Λ. By combining (1) and (2) it follows that lim
On the other hand, we have lim n→∞ d H (σ n (g), τ n (g) |Xn ) = 0. Since τ n (g) and τ n (k n ) commute, we get that
As this holds for any h n ∈ L n , claim (5.4) follows.
It is now clear that the combination of (5.3) and (5.4) gives that
Taking g ∈ Z, this proves the main assertion. If g ∈ Z is a generator, then (5.5) together with Lemma 5.2 below implies the existence of σ ′ n (g) ∈ Sym(X n ) which commutes with σ n (Λ) such that lim
This implies the moreover assertion. In order to complete the proof of Theorem 5.1, it remains to prove the following lemma.
Lemma 5.2. Let G be a finite group, X a finite set, α : G → Sym(X) a homomorphism and ϕ ∈ Sym(X). Then there exists ψ ∈ Sym(X) which commutes with α(G) such that
By applying Lemma 4.3 to the homomorphisms ϕ −1 • α • ϕ, α : G → Sym(X) we find an α(G)-invariant set X 1 ⊂ X, an ϕ −1 α(G)ϕ-invariant set X 2 ⊂ X and a bijection σ :
Thus,
Next, we say that two actions β : G → Sym(Y ) and γ : G → Sym(Z) are conjugate if there exists a bijection ρ : Finally, (5.6) implies that the restrictions of α to X 1 and X 3 are conjugate, hence ζ(α |X 1 ) = ζ(α |X 3 ). This implies that ζ(α |X\X 1 ) = ζ(α |X\X 3 ) and so restrictions of α to X \X 1 and X \X 3 are conjugate. In combination with 5.6, we derive that there exists ψ ∈ Sym(X) which commutes with α(G) (i.e., a self-conjugacy of α) such that ψ |X 1 = τ . Hence, |{x ∈ X | ψ(x) = ϕ(x)}| ≤ |X \ X 1 | + |{x ∈ X 1 | σ(x) = x}| ≤ 32ε |X| and the conclusion follows.
Construction of asymptotic homomorphisms
This section is devoted to the construction of asymptotic homomorphisms. In the next section, we will combine this construction with Theorem 5.1 to deduce our main results.
Lemma 6.1. Let Γ and Λ be finitely generated groups. Let {Γ n } ∞ n=1 be a sequence of finite index normal subgroups of Γ, put X n = Γ/Γ n and denote by p n : Γ → X n the quotient homomorphism. Assume that there exists a sequence of homomorphisms q n : Λ → X n such that Λ does not have property (τ ) with respect to the sequence {ker(q n )} ∞ n=1 . Let t = ±1 be a generator of Z.
Then there exists an asymptotic homomorphism
, for infinitely many n ≥ 1.
Proof. The first part of the proof is devoted to the construction of σ n . Let σ n : Γ × Λ → Sym(X n ) be given by (1). In order to extend σ n to an asymptotic homomorphism of (Γ * Z) × Λ we will define σ n (t, e) ∈ Sym(X n ) such that lim n→∞ d H (σ n (t, e) • σ n (e, h), σ n (e, h) • σ n (t, e)) = 0, for any h ∈ Λ.
To this end, let T ⊂ Λ be a finite generating set. Since Λ does not have property (τ ) with respect to {ker(q n )} ∞ n=1 we have that inf n κ(q n (Λ), q n (T )) = 0. Thus, after passing to a subsequence, we may assume that lim n→∞ κ(q n (Λ), q n (T )) = 0. Lemma 2.6 then implies that for every n large enough there exists a set C n ⊂ q n (Λ) such that
Let Z n ⊂ X n be a set of representatives for the left cosets of q n (Λ). We define B n = Z n · C n ⊂ X n , and claim that B n satisfies the following:
(a) 
Indeed, (a) and (b) follow from (6.1). To verify (c), note that if x ∈ X n , then there is a unique z ∈ Z n such that x −1 z ∈ q n (Λ) and thus we have that
Therefore, we deduce that
is also satisfied. Let n large enough. Since g∈Xn |B n \ g −1 B n | = |B n | · (|X n | − |B n |), we can find g n ∈ X n such that A n = B n \ g −1 n B n satisfies We are now ready to define σ n (t, e) ∈ Sym(X n ) by letting
Then for every h ∈ Λ we have that
These formulae easily imply that d H (σ n (t, e) • σ n (e, h), σ n (e, h) • σ n (t, e)) is equal to
• σ n (t, e)) = 0. This ends the first part of the proof.
In the second part of the proof we will prove condition (2) from the conclusion. Let n large enough. By using (6.2),(6.3), that |An| |Xn| ≥ 5 42 and that A n ⊂ B n , for all h ∈ Λ, we get that d H (σ n (t, e) • σ n (e, h), σ n (e, h) • σ n (t, e))
|Xn| . By combining this with (6.4) and the inequality |Bn| |Xn| ≤ 1 6 from (a), it follows that h n satisfies
This proves condition (2) and finishes the proof.
Proofs of main results
The proof of Theorem A relies on the following result which puts together Theorems 5.1 and 6.1.
Theorem 7.1. Let Γ and Λ be finitely generated groups. Assume that Γ has property (τ ) with respect to a sequence {Γ n } ∞ n=1 of finite index normal subgroups. Suppose that there exist homomorphisms q n : Λ → X n such that Λ does not have property (τ ) with respect to the sequence {ker(q n )} ∞ n=1 . Then Σ × Λ is not very flexibly P-stable, for any finitely generated group Σ which factors onto Γ * Z.
Proof. Assume by contradiction that Σ × Λ is very flexibly P-stable. Let π : Σ → Γ * Z be an onto homomorphism, and denote still by π the product homomorphism π ×Id Λ : Σ×Λ → (Γ * Z)×Λ. Let t = ±1 be a generator of Z. Denote X n = Γ/Γ n and let p n : Γ → X n be the quotient homomorphism. By Lemma 6.1, there exists an asymptotic homomorphism σ n :
, for infinitely many n ≥ 1. Then σ n • π : Σ × Λ → Sym(X n ) is an asymptotic homomorphism. Thus, since Σ × Λ is assumed very flexibly P-stable, for every n ∈ N, we can find a finite set Y n ⊃ X n and a homomorphism
Since Γ is finitely generated and π is onto, we can find a finitely generated subgroup ∆ < Σ and t ∈ Σ such that π(∆) = Γ and π(t) = t. Let ρ : ∆ * Z → Σ the homomorphism given by ρ |∆ = Id ∆ and ρ(t) =t. Denote still by ρ the product homomorphism ρ × Id Λ : (∆ * Z) × Λ → Σ × Λ. Then
Now, note that (1) gives that α n (g, h)x = (p n •π)(g)xq n (h) −1 , for all g ∈ ∆, h ∈ Λ and x ∈ X n . Since Γ has property (τ ) with respect to {Γ n } ∞ n=1 , ∆ has property (τ ) with respect to {ker(p n • π)} ∞ n=1 . Since p n • π : ∆ → X n is an onto homomorphism and τ n • ρ : (∆ * Z) × Λ → Sym(Y n ) is a homomorphism, for all n ∈ N, applying Theorem 5.1 to α n : (∆ * Z) × Λ → Sym(X n ) gives that lim n→∞ max{d H (α n (t, e) • α n (e, h), α n (e, h) • α n (t, e)) | h ∈ Λ} = 0.
However, since α n (t, e) = σ n (t, e) and α n (e, h) = σ n (e, h), for every h ∈ Λ, this contradicts (2).
Proof of Theorem A. Let Σ and Λ be finitely generated groups such that Σ admits a non-abelian free quotient and Λ does not have property (τ ). Our goal is to prove that Σ × Λ is not very flexibly P-stable. By Lemma 3.3 it suffices to find a finite index subgroup Σ 0 < Σ such that Σ 0 × Λ is not very flexibly P-stable.
Let us first prove the conclusion in the case when Λ admits an infinite cyclic quotient, since this requires less technology than the general case. Let ρ : Λ → Z be an onto homomorphism. Since Σ factors onto F 2 , it has a finite index subgroup Σ 0 which factors onto F 3 . Towards showing that Σ 0 × Λ is not very flexibly P-stable, recall that Γ = F 2 can be realized as a finite index subgroup of SL 2 (Z), by letting for instance Γ = 1 2 0 1 , 1 0 2 1 . Since SL 2 (Z) has the Selberg property [LW93] (i.e., property (τ ) with respect to its congruence subgroups), Γ has property (τ ) with respect to {Γ n } ∞ n=1 , where Γ n = Γ ∩ ker(SL 2 (Z) → SL 2 ( Z nZ ) . Let p n : Γ → Γ/Γ n be the quotient homomorphism. Let η : Z → Γ the homomorphism given by η(1) = 1 2 0 1 and denote q n = p n •η •ρ : Λ → Γ/Γ n . Since q n factors through ρ : Λ → Z, for every n, and lim n→∞ |q n (Λ)| = +∞, it follows that Λ does not have property (τ ) with respect to {ker(q n )} ∞ n=1 . Since Σ 0 factors onto F 3 = Γ * Z, Theorem 7.1 implies that Σ 0 × Λ is not very flexibly P-stable.
In order to establish the general case we will use a theorem of Kassabov [Ka05, Theorem 2] which provides an integer L ≥ 2 and onto homomorphisms π n : F L → Sym(n), for every n ∈ N, such that inf n κ(Sym(n), π n (S)) > 0, where S ⊂ F L is a free generating set. In other words, Γ = F L has property (τ ) with respect to {ker(π n )} ∞ n=1 . Since Σ factors onto F 2 , it has a finite index subgroup Σ 0 which factors onto F L+1 . We will show that Σ 0 × Λ is not very flexibly P-stable.
To this end, note that since Λ does not have property (τ ), there exists a sequence {Λ n } ∞ n=1 of finite index normal subgroups such that lim n→∞ κ(Λ/Λ n , δ n (T )) = 0, where T ⊂ Λ is a finite generating set and δ n : Λ → Λ/Λ n denote the quotient homomorphisms. For every n ∈ N, put G n = Sym(Λ/Λ n ) and let i n : Λ/Λ n → G n be the embedding given by left multiplication action of Λ/Λ n on itself. We denote q n = i n • δ n : Λ → G n . Finally, we put k n = |Λ/Λ n | and let p n : Γ → G n be the onto homomorphism obtained by composing π kn : Γ → Sym(n k ) with an isomorphism Sym(k n ) ∼ = G n . By construction, Γ has property (τ ) with respect to {ker(p n )} n=1 , while Λ does not have property (τ ) with respect to {ker(q n )} ∞ n=1 (as ker(p n ) = ker(π kn ) and ker(q n ) = Λ n , for every n ∈ N). Since Σ 0 factors onto F L+1 = Γ * Z, Theorem 7.1 implies that Σ 0 × Λ is not very flexibly stable.
Proof of Corollary B. Since Z d and F n do not have property (τ ) for any integers d, n ≥ 1, parts (1) and (2) follow from Theorem A. Let m, n be integers such that |m| = |n| ≥ 2. Then the Baumslag-Solitar group BS(m, n) = a, t|ta m t −1 = a n has a finite index subgroup isomorphic to F k × Z for some k ≥ 2 (see., e.g., [Le05, Proposition 2.6]). Since F k × Z is not very flexbily P-stable by part (1), the same is true for BS(m, n) by Lemma 3.3. This proves part (3). To prove part (4), View Λ as a subgroup of SL 2 (Z) and let ρ : Λ → SL 2 (Z) be a homomorphism such that ρ(Λ) ∼ = Z.
For instance, if a 1 , ..., a k ∈ Λ are generators, we can let ρ(a 1 ) = 1 1 0 1 and ρ(a 2 ) = ... = ρ(a k ) = e.
Fix n ∈ N and let r n,0 , r n,1 , r n,2 be 3 distinct primes greater than n. Define X n = 2 i=1 SL 2 (Z/r n,i Z) and homomorphisms p n : Γ → X n , q n : Λ → X n by letting for g ∈ Γ and h ∈ Λ p n (g) = (π r n,1 (g), π r n,2 (g)) and q n (h) = (π r n,1 (ρ(h)), π r n,2 (h)).
Since Γ is a non-amenable subgroup of SL 2 (Z), we get that p n : Γ → X n is onto for n large enough. Since the image of ρ is infinite abelian and lim n→∞ r n,1 = +∞, Λ does not have property (τ ) with respect to {ker(π r n,1 • ρ)} ∞ n=1 . Since ker(q n ) ⊂ ker(π r n,1 • ρ), for every n ∈ N, it follows that Λ does not have property (τ ) with respect {ker(q n )} ∞ n=1 . Applying Lemma 6.1 provides an asymptotic homomorphism σ n : Σ × Λ = (Γ * Z) × Λ → Sym(X n ) which satisfies conditions 1 and 2 from above.
Next, let X n = SL 2 (Z/r n,0 Z) × X n and define the homomorphisms p n : Γ → X n , q n : Λ → X n and the asymptotic homomorphism σ n : Σ × Λ → Sym( X n ) by the same formulae as in the proof of Case 1. Then ( σ n ) n∈N satisfies conditions (i) and (ii) from above. If h ∈ Λ \ {e}, then since lim n→∞ r n,2 = +∞, we get that π r n,2 (h) = e, for n large enough. This implies that d H ( σ n (e, h), Id Xn ) = 1, for n large enough. By repeating verbatim the rest of the argument from the proof of Case 1, it follows that Σ × Λ is not weakly very flexibly P-stable. This finishes the proof of Case 2.
Finally, the proof of Corollary B shows that any group from parts (1)-(3) in its statement has a finite index subgroups which is isomorphic to either F m × Z d or to F m × F k , for some m, k ≥ 2 and d ≥ 1. Thus, any group from Corollary B, parts (1)-(3), is not weakly very flexibly P-stable.
